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Abstract 
We explore how the Weighted Average Flux (WAF) approach can be used to generate first 
and second order accurate finite volume schemes in one, two and three space dimensions. The 
derived schemes have multidimensional upwinding aspects and good stability properties. We 
construct oscillation-free methods that are second order accurate in smooth flow by making use 
of one-dimensional limiter functions. Some numerical results are presented. 
Key words hyperbolic conservation laws, war-type schemes, finite volume schemes, 
multidimensional upwinding 
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1. Introduction 
Upwind methods for Computational Fluid Dynamics (CFD) form a respectable class of nu- 
merical techniques available to the CFD practioner today. This is the result of an intensive 
research activity spanned over many years. The distinguished works of Godunov [l], van Leer 
[2], Roe [3], Osher [4], Harten [5], and many others, have provided a solid theoretical framework 
for further advancement. 
An important issue is how to generalize the first order Godunov method [l] to second or 
higher order accuracy. Van Leer [6,2] proposed his MUSCL approach whereby the piecewise con- 
stant cell average states are replaced by reconstructed states that admit spacial variation within 
each cell. A class of second-order Godunov-type methods based on this have been constructed. 
Examples are the PLM method of Colella [?I, the GRP method of Ben-Artzi and Falcovitz [8] and 
the MUSCL Hancock scheme [9]. 
An alternative approach for constructing second-order Godunov type methods is the Weighted 
Average Flux (WAF) approach [ l O ] .  Its origins go back to a Random Flux approach by Toro 
[ll] which was later proved to be second order accurate in a statistical sense (Toro and Roe 
[12]). The WAF approach has been shown to  be successful in applications to  a variety of prac- 
tical problems [ lO] ,  [13], [14]. Its key feature is that second order accuracy can be achieved 
by solving the conventional piecewise constant Riemann problem; no reconstruction/evolution 
steps are necessary, although such processes may also be admitted. The accuracy comes from 
utilising this solution averaged over space and time. This averaging takes the form of an integral 
of the flux, or chosen variables, over some volume. 
In this paper we discuss how the WAF approach can be used to generate schemes for the 
solution on the linear advection equation in more than one space dimension. We generalize 
the approach by integrating the exact solution of multidimensional initial value problems in 
space and time. The initial data for these problems is the data at a given time level, which we 
assume constant within each cell. M U S C L  type extensions are, of course, also possible, but are 
not explored here. 
In two space dimensions we show how different integration methods can lead to  numerical 
schemes with different accuracy and stability properties. In particular, we present two second 
order schemes which, as far as we know, are new. They are conservative, finite volume schemes 
with good stability properties, and are natural extensions of the one-dimensional Lax-Wendroff 
scheme [15]. Moreover, due to  the nature of their derivation, they have multidimensional up- 
winding features. We also derive a finite volume, first order scheme that is a natural extension 
t o  Godunov’s scheme [l] and is the same as Colella’s scheme [16] on the equation studied here. 
We then combine this scheme with one of the second order schemes using one-dimensional Total 
Variation Diminishing (TVD) limiters to produce an oscillation-free scheme that is second order 
accurate in smooth flow. After presenting some numerical results from the two dimensional 
schemes, we derive the equivalent schemes in three dimensions and study their accuracy and 
stability. 
We do not attempt to  extend any schemes to  nonlinear systems in this paper; such extensions 
are currently under development and will be the subject of future communications. 
This paper is organised as follows: $2 introduces the WAF approach, and various schemes 
that it produces in one dimension. In $3 we consider the approach in two dimensions - we 
derive finite volume schemes, study their accuracy and stability, construct our oscillation free 
scheme and present some numerical results. In $4 we derive some three dimensional schemes. 
In $5 conclusions are drawn and future work is discussed. 
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